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Spiral waves in linearly coupled reaction-diffusion systems
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The dynamics of spiral waves in a pair of linearly coupled reaction-diffusion systems is investigated. We find
that the spiral dynamics depends on the coupling strength between the two subsystems. When the coupling
strength is weak, the frequency and wavelength of the spiral wave in each subsystem remain unchanged. The
interaction between the two subsystems induces the drift of spiral waves. When the coupling strength is strong,
synchronization between the two subsystems is established. The two subsystems play different roles in the
collective dynamics: one subsystem is always dominant and enslaves the other.
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INTRODUCTION

Spiral waves are the most frequently encountered pattern
formation in two-dimensional (2D) systems driven away
from equilibrium. They are usually thought to be responsible
for the patterns in a wide range of systems, from chemical
reactions [ 1] and physiological media [2] to slime aggregates
[3] and hydrodynamics [4]. In addition, spiral waves can
display a number of distinct behaviors, some of which are
quite complex. The simplest transition in spiral waves is
Hopf bifurcation, which turns a rigidly rotating spiral wave
(that is, periodic) into a quasiperiodic meandering one [5,6]
where the distances between consecutive spiral arms are ex-
panded and contracted. Another common transition is the
breakup of spiral waves, which comes in two different ways:
the core or far field breakup. In core breakup, the spiral wave
develops into turbulence first near the spiral core and the
mechanism behind it is attributed to the Doppler effects
[7,8]. In far field breakup, spiral waves first become unstable
far away from the core and the instability underlying this
transition is the absolute Eckhaus one [9,10].

Most real systems we encounter are three dimensional, for
example, intensively investigated cardiac tissues [11] and
chemical reaction systems. Studies on scroll waves, the
counterparts of spiral waves in 3D systems, have shown that
there exists a critical thickness in the direction of the third
dimension for the onset of 3D effects [12], which means that
the 3D effects can be ignored if the medium is thin enough
and the 3D system can be approximated by a 2D one. How-
ever, in chemical reaction systems such as the Belousov-
Zhabotinsky reaction, there always exists a parameter gradi-
ent across the reaction layer [13]. Therefore, though the
reaction layer may be thin enough that the 3D effects can be
ignored, we still cannot treat such a system as a simple 2D
one. Instead of the 2D or 3D description, a possible way to
handle this kind of system is to consider them as coupled 2D
systems [14].

In this paper we will investigate the spiral wave dynamics
in linearly coupled 2D reaction diffusion systems where the
subsystems have different parameters. Such a configuration
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is also significant in the field of nonlinear dynamics. For
example, in coupled nonidentical low-dimensional systems
such as coupled phase oscillators or chaotic oscillators, it is
well known that the different oscillators will reach the state
of phase synchronization when the coupling strength is
strong enough [15]. The transition to phase synchronization
is always characterized by a continuous process: the rotation
velocities of different oscillators match each other gradually
with the increase of the coupling strength. However, for
coupled extended systems displaying spiral waves to reach
phase synchronization, they have to adjust both temporal and
spatial periodicities in a consistent way. Therefore, it is in-
teresting to investigate what happens for spiral dynamics
when two extended systems with different parameters are
coupled.

In this work, we find that there are two fundamental types
of spiral dynamics in coupled reaction-diffusion systems.
When the coupling strength between the two subsystems is
weak, the interaction between them only induces the drifts of
spiral waves without changing the functional forms of the
spiral waves. When the coupling strength is strong enough,
phase synchronization between the two subsystems is estab-
lished. Unlike phase synchronization in coupled low-
dimensional systems, the two subsystems will play different
roles in the collective dynamics: one subsystem always be-
haves like a leader while the other one follows the leader on
both rotating frequency and wavelength. For intermediate
coupling strength, a transition process is readily found where
the spiral wave of the follower is driven out of the domain
and the leader takes over the follower’s dynamics gradually
by embedding its spiral wave in the follower.

THE MODEL

We consider coupled reaction-diffusion systems with no-
flux boundary condition where the local dynamics is pro-
posed by Bir and Eiswirth [7]. The model in the dimension-
less form is described as

(?Ml/at=f1(1/l1,l)1) +AM1 +C(M2— ul),
1/t =g (uy,v1),
(71/[2/(9t=f2(1/l2,l)2) + AMZ + C(M1 - M2),
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FIG. 1. (Color online) Rotating frequency of spiral wave vs e.
The parameter b=-0.045 (open squares) and 0.05 (open circles).
€51 and €, , denote the spiral wave breakup for 5=-0.045 and 0.05,
respectively. €, , denotes the meandering transition for b=0.05.
The transition scenario for b=—-0.045 is a little complicated as can
be found in Ref. [16].

A3t = g5(up,v5),

fi2(u,v) =—u(u—D)[u—(v+byy)la; )€ ,,
4

. <l
v fu<z,
=9 1 1
12000 =Y | 6 75u(u—12-v if T <u<l, W
\1_0 ifu>1,

where A=d¢*/dx*+d*/dy*. To numerically simulate the
coupled systems, we use the forward Euler method with dr
=0.015 and Ax=Ay=0.3. The system size is set to be NAx
X NAy where N=200 (the main results do not depend on the
discretization scheme and the size of the system). Through-
out the paper, we take the parameters a;, to be constant
(a;,=0.84). The local dynamics can be changed from excit-
able to oscillatory when we change the parameter b, , from
positive to negative. For any given b ,, the isolated 2D sys-
tem may undergo transitions from a rigidly rotating spiral
wave to spiral wave breakup [10,16] when ¢ , is increased.
During the transitions, the rotating frequency of the spiral
wave always decreases with increasing € whether the me-
dium is excitable (b=0.05) or oscillatory (b=-0.045) as
shown in Fig. 1 (for a meandering spiral wave and spiral
wave breakup, the frequency with the highest amplitude is
recorded [17]). The two curves shown in Fig. 1 are quite
similar except for the sharp dip for 5=—0.045. The sharp dip
at €=0.078 indicates the spiral wave breakup. According to
Refs. [10,16], the breakup of the spiral wave here belongs to
the far field one. The discontinuity of the frequency at €
=0.078 could be explained by the fact that the breakup of the
spiral wave is caused by an absolute Eckhaus instability [ 18].
The wave train emitted by the spiral core becomes linearly
unstable when the convective instability sets in. At the same
time the resulting turbulence is invisible since it propagates
outside the system. The turbulence observed after the onset
of the absolute Eckhaus instability is not a direct conse-
quence of the absolute instability, which is the reason for the
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appearance of the dip in the curve of frequency. On the con-
trary, for 5=0.05, the spiral breakup occurs first near the
spiral core and the resulting turbulence is created directly
from the previous spiral wave. Therefore, no discontinuity
appears in frequency in this case.

THE DRIFT OF SPIRAL WAVES

Generally, there are two regimes for the coupled spiral
dynamics. When the coupling strength is very weak, the two
spiral waves keep their dynamics almost unchanged in re-
spect of their frequencies and wavelengths whether the spiral
waves are rigidly rotating or meandering. The effects of the
interaction between the two subsystems are disclosed
through the movement of the spiral tips. Two typical situa-
tions are classified according to the frequency mismatch be-
tween the two spiral waves. We first consider the case where
spiral waves in isolated subsystems have large mismatch in
their rotating frequencies (nonresonant case). We let b,
=-0.045, €,=0.012, b,=-0.045, and €,=0.036. Under these
parameters, the spiral waves in the isolated subsystems are
rigidly rotating ones. As shown in Fig. 1, the rotating fre-
quency in subsystem 1 is around 0.48 and that in subsystem
2 is around 0.29. By using these rigidly rotating spiral waves
in the isolated systems as initial conditions, the spiral waves
in coupled systems are generated. When ¢=0.0012, the
power spectra for the two subsystems before and after the
interaction is switched on are shown in Figs. 2(a) and 2(b)
where we can see that the rotating frequencies of the two
spiral waves are the same as the isolated ones. The snapshots
of the spiral waves for the isolated systems and the coupled
systems after the transient are shown in Figs. 2(c) and 2(d).
The characteristics of the wave patterns such as the wave-
length seem unchanged too. Nevertheless, comparing the
snapshots carefully, we may notice that the rotation center of
the spiral wave in subsystem 1 stays very close to its original
location while that of subsystem 2 shifts away. The tip tra-
jectories presented in the top panel in Figs. 3(a) and 3(b)
show clearly that the tip in subsystem 2 has jumped to a large
looped orbit while the spiral tip in subsystem 1 stays in a
small orbit close to its original one. Further simulations re-
veal the following observations: (1) The tip trajectories in the
two subsystems are independent of the coupling strength if
the coupling strength is not strong; (2) the tip trajectories in
the two subsystems are concentric; (3) the moving velocity
of the spiral tip along the looped orbit in subsystem 2 in-
creases with the coupling strength by a power law. As shown
in Fig. 3(c), the slope in the log-log plot is around 2. From
Fig. 3(c), we know that the drifting velocity is much lower,
which means that the secondary frequency induced by the
spiral drifting is much smaller than that of the original spiral
wave. For example, the secondary frequency induced by
drifting at ¢=0.0012 is around f;,=2 X 10~*. Comparing with
f1=0.48 and f,=0.29, the secondary frequency is extremely
small. Consequently, the secondary frequency f;, is not vis-
ible in the power spectrum shown in Fig. 3(b).

Now we consider the other case where the mismatch be-
tween the frequencies of the two spiral waves is very small
(the resonant case). To investigate it, we let b;=—0.045, ¢
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=0.022, b,=0.05, and €,=0.02. From Fig. 1, we know that
the rotating frequencies for the two subsystems are almost
the same (f,=0.36 and f,=0.361). Unlike the nonresonant
case where the spiral waves in the two subsystems drift in
different orbits, the tip trajectories for both subsystems in the
resonant case fall into the same orbit, as shown in the bottom
panel in Figs. 3(a) and 3(b). (The difference in the widths of
the orbits for two spiral waves is due to the difference in the
diameters of the circular orbits when they are isolated.) It
should be noted that the spiral waves in both subsystems are
not in synchronization. First, the spiral tips of the two sub-
systems move along the same orbit with a time lag; second,
the spiral waves in the two subsystems preserve their original
frequencies and wavelengths. The moving velocity of the
spiral tips along the orbit also increases with the coupling
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FIG. 2. Power spectra for two
subsystems when they are isolated
(a) or coupled together in a linear
way with ¢=0.0012 (b); snapshots
for the two subsystems are plotted
when they are isolated (c) or
coupled together (d). The top
panel is for subsystem 1
b;=—-0.045 and €=0.012; the
bottom panel is for subsystem 2
b,=-0.045 and €,=0.036.

N —

strength, but in a piecewise linear way [see the bottom panel
in Fig. 3(c)].

Further simulations for different parameters b; and ¢;
show that, in the nonresonant case, the subsystem with the
spiral tip moving along the large looped orbit is the one with
the slow rotating spiral wave. The simulations also show that
the parameter regime for the resonant case is too narrow to
make a clear boundary for it. In particular, if we change
parameters to within the resonant case away from the non-
resonant one, we can find some other types of spiral drifting
dynamics when the parameters are close to the resonant situ-
ation. For example, spiral tips in both subsystems may drift
along the boundary or perform some erratic motions.

We now present heuristically an ordinary differential
equation model, which can explain some of the numerical
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FIG. 3. (Color online) Nonresonant (resonant) case is shown in the top (bottom) panel. (a) The tip trajectories of subsystem 1
[b;=—0.045 and €,;=0.012 in nonresonant case (discretization dx=0.3/2 and dr=0.015/4 in numerical simulation is used in this case) and
b,=-0.045, €,=0.022 in resonant case]. (b) The tip trajectories of subsystem 2 (b,=—0.045 and €,=0.036 in nonresonant case and
b,=0.05, €,=0.02 in resonant case). The black [red (gray)] orbit represents the tip trajectory before (after) the coupling is switched on. (c)

The drift velocity of the spiral tip against the coupling strength c.
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results, of spiral wave drift for weak coupling strength. We
modified the models [19] that produce the main feature of
the spiral dynamics in order to take into account the effects
of the interaction between subsystems:

ii= e Pi(Rw; - z;) + h(c)(r;=r) + f(c, w;, wj)e‘ig(“)‘f’j,
G=[p—iw; - (1+ia)lz*]z;,

(.bi =w; (l’.] = 192)7 (2)

where r; are the positions of the tips in the complex plane
and z; are the complex variables describing the spiral mean-
der. w;+iw,,; are the eigenvalues associated with the mean-
der modes. (In the absence of coupling, the stationary state
z=0 is obtained for x <0 and corresponds to a rigidly rotat-
ing spiral wave at frequency w. For w>0, the z variable
undergoes Hopf bifurcation and leads to a meandering spiral
wave with modulation frequency w,,.) The second term in-
troduced in the r equation where h(c)=vy,c with y, <1 de-
scribes the interaction of the two spiral tips, which plays the
role of trapping both tip trajectories onto concentric orbits.
The third term in the r equation accounts for the periodic
forcing exerted by the spiral wave in the other subsystem.
We set the functions f and g as f(c,®;, w,)=aeP 2=V and
g(c)=vc?. Through some simple calculations, we obtain the
drift  velocities for the two spiral tips as v,
xg(c)f(c,w;,w,) and the radius for the drift orbits as Ry
«f(c,w,,w,). The function f(c,w,,w,) is chosen so as to
ensure that the fast rotating spiral wave has a drifting orbit
with a small radius and the slow one a large radius. The
difference in the radius of the drifting orbits tends to zero
when two spiral waves have the same rotating frequencies.
The scaling of the drifting velocity against the interaction ¢
depends on the functional form of g. Here we can only re-
cover a power law with an exponent around 2 for the non-
resonant case.

Now we give some rationales for the modified model.
From numerical simulations, we know that the interaction
between the two subsystems changes neither the rotation fre-
quencies of the spiral waves nor the type of spiral dynamics.
Thus it is straightforward that the z and ¢ equations are kept
unchanged. Then, for isolated reaction-diffusion systems, the
spiral dynamics satisfies the symmetry group E,, which re-
quires the spiral wave to be invariant under the actions of
rotation, reflection, and translation. When the two reaction-
diffusion systems are coupled, the only invariance violated is
rotation, since the rotating frequencies of the spiral waves in
the two different subsystems are not necessarily the same.
Nevertheless, the invariance under reflection and translation
should be kept in the modified model. It is obvious that Eq.
(2) is invariant under translation and reflection.

Before proceeding, we address the difference between the
results presented above and those in previous works. The
spiral wave drift has been a common phenomenon in
reaction-diffusion systems, which can be induced by a do-
main boundary [20], inhomogeneity [21], constant external
field [22], periodic wave trains [23,24], periodically forced
spiral waves [25,26], and so on. The last two are more rel-

PHYSICAL REVIEW E 76, 016206 (2007)

evant to our work though they differ from ours in the follow-
ing sense. In the case of the spiral drift induced by periodic
wave trains, the spiral wave and the source of the periodic
wave trains coexist in one 2D system, and the spiral wave
always drifts along a fixed direction. Moreover, the final state
of such a drift is the elimination of the spiral wave by its exit
from the domain if the frequency of the wave trains is larger
than that of the spiral wave. However, the spiral drift studied
here is a sustained phenomenon induced by the interaction
between spiral waves located in different systems. In the case
of periodically forced spiral waves, the tips of the spiral
waves display rich dynamics such as resonance-induced
drift, entrainment, and irregular response of the spiral tip’s
motion. Interestingly, the drifting dynamics of periodically
forced spiral waves could be realized in a coupled two-layer
system [26]. Compared to our model, a fundamental differ-
ence is that the interaction between two layers in Ref. [26] is
realized by periodically changing a parameter of each layer,
such as the excitability of an excitable medium. In our case,
the interaction appears in each layer only as an additive term.
Moreover, in Ref. [26], the communication between the two
layers proceeds based on the dynamical information ex-
tracted at one point for each layer, which is also quite differ-
ent from our model. As for dynamical behaviors, the tip tra-
jectories in Ref. [26] are always dependent on the forcing
strength in forced spiral waves, while the tip trajectories are
not sensitive to the coupling strength in our case.

ESTABLISHMENT OF THE RELATIONSHIP BETWEEN
THE LEADER AND THE FOLLOWER

For weak coupling strength, we know that the interaction
between the two subsystems is manifested by the movements
of the spiral tips. If the coupling strength becomes strong, we
will see different wave dynamics. In particular, no matter
whether the coupled systems are resonant or nonresonant, the
two subsystems will play different roles in the collective dy-
namics: one subsystem becomes dominant and plays the role
of a leader, while the other acts as a follower. To show this
clearly, we first consider the nonresonant case with the pa-
rameters used in Fig. 2. The results for different coupling
strength are presented in Fig. 4. For ¢=0.008, the spiral wave
in subsystem 1 looks similar to that in the isolated system
[see Fig. 2(c)]. However, the two successive snapshots for
subsystem 2 show that its original spiral wave is already
gone and a targetlike wave shows up. Interestingly, the trace
of the spiral wave of subsystem 1 can be found in subsystem
2 on the background of the targetlike wave. Furthermore, the
wave propagations of the two subsystems on prescribed lines
are plotted, where we can clearly see the modulation of the
wave propagation in subsystem 2 by that in subsystem 1. On
increasing the coupling strength to ¢=0.012, we may also
find that the spiral wave in subsystem 1 is modulated by the
targetlike wave in subsystem 2. Such a modulation can be
reflected in either the snapshot of the spiral wave or the
spatiotemporal plot of the wave propagation. At the same
time, the period and the wavelength of the targetlike wave in
subsystem 2 are decreasing. On further increasing the cou-
pling strength to ¢=0.014, the spiral wave of subsystem 1
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FIG. 4. (Color online) Transition process to phase synchronization where the relationship between the leader and the follower is
established. The coupling strength ¢ for the first four columns is ¢=0.008, 0.012, 0.014, and 0.02, respectively. The top panels show
snapshots for subsystem 1 for different coupling strengths. The following panels show successive snapshots for subsystem 2. The space-time
plots (60 space units X 200 time units, time increases from bottom to top) presented in the bottom two rows show the wave propagation in
the two subsystems over lines crossing the spiral core in subsystem 1 (which are schematically shown in the top two panels for ¢=0.008).
In the spatiotemporal plot, the time goes from bottom to top. Subsystem 1 is the one with b;=-0.045 and €;=0.012 and subsystem 2 has
b,=-0.045 and €,=0.036. The rightmost column shows the tip trajectories for the two subsystems when c¢=0.02. To plot the tip trajectories,
we first let the subsystems evolve freely for a while and then switch the interaction between the subsystems on. The tip trajectories on both
sides of the switching time are plotted. (a) and (b) show the tip trajectories for subsystems 1 and 2, respectively. The symbol P (or N) refers
to the steady tip trajectory before (or after) the interaction is switched on. (c) and (d) show the time series of the spiral tips’ position for

subsystems 1 and 2 [the red (gray) curve for the variable y and the black one for the variable x], respectively.

was generated in subsystem 2 except for the region of the
spiral core. For sufficiently strong coupling strength, sub-
system 2 is totally enslaved to subsystem 1 not only in the
frequency but also in the wavelength, for example, the re-
sults shown in the column with ¢=0.02 in Fig. 4(d). In other
words, phase synchronization between the two subsystems is
built.

The process of the transition shown in Fig. 4 can also be
demonstrated in the power spectra for the two subsystems
(see Fig. 5). When ¢=0.008, both of the power spectra illus-
trate the coexistence of two components from the spiral wave
in subsystem 1 and the targetlike wave in subsystem 2. The
power spectra for ¢=0.012 show that in the dynamics of
subsystem 2 the proportion of the spiral dynamics from sub-
system 1 increases. The power spectrum for ¢=0.014 indi-
cates that the spiral dynamics rooted in subsystem 1 begins
to dominate the dynamics of subsystem 2. Finally, for suffi-

ciently strong coupling strength, only the component from
subsystem 1 is left. It is also important to notice that the
main frequency of subsystem 1 stays unchanged during such
a process, which demonstrates the dominant role the sub-
system 1 plays.

In the above example, subsystem 1 is the leader and sub-
system 2 is the follower. The leader first drives the follower’s
spiral wave out of the domain, and then embeds its dynamics
into its follower, and enslaves its follower when the coupling
strength is strong enough. The different roles played by the
subsystems are robust and cannot be interchanged by modi-
fying the coupling strength or initial conditions in the non-
resonant case. The scenario of establishing the relationship
between leaders and followers can be found in the resonant
case too. However, the roles played by the two subsystems
can be changed through changes in the initial conditions of
the coupled system. To show this, we consider the resonant

016206-5



HUJIANG YANG AND JUNZHONG YANG

PHYSICAL REVIEW E 76, 016206 (2007)

FIG. 5. Power spectra for the
two subsystems when the relation-
ship between the leader and the
follower is being established. The

parameters are the same as those
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case used in the bottom panel in Fig. 3. As shown in Fig. 6,
the subsystem with b;=-0.045 and €;=0.022 plays the role
of the leader, while the other with 5,=0.05 and €,=0.02
becomes the leader in Fig. 7. The tip trajectories of the two
subsystems in these two cases indicate that the reason the
winner wins is that its spiral can survive the competition.

In the scenario where the leader takes control of the fol-
lower completely, there are several points to be addressed.
(1) In the nonresonant case, the leader is the subsystem
whose spiral wave rotates faster. Actually, the point is con-
sistent with the drifting dynamics for weak coupling
strength. When the coupling strength increases, the steady
state where the slow rotating spiral wave settles its tip into a
large orbit and the fast rotating spiral wave keeps its tip in a
small orbit becomes unstable. Consequently, the slow rotat-
ing spiral wave explores more territory under the influence of
the fast rotating spiral wave, and it is easier to for it drift out
of the domain. During such a process, the rotation center of
the fast rotating spiral does not shift its location too much. In
the resonant case, the spiral tips of both subsystems move
along the same large orbit for weak interaction. When the
large orbit loses its capability for trapping spiral tips, the
spiral waves in both subsystems drift violently. In such a
case, whether one subsystem becomes the leader depends on
whether it survives when its partner is pushed out of the
domain. (2) The target wave appearing in the follower after
its original spiral wave is gone is not generic. In the simula-
tions, we have observed that the planar wave or other spatio-
temporal chaos characterized by broader power spectrums.
(3) When the coupling strength is strong, the leader’s spiral
wave may break up into several spiral wavelets while elimi-
nating the follower’s spiral wave. However, the coexistence
of several spiral wavelets does not mean the defect mediates
turbulence; instead the wavelets preserve the original dy-
namical properties of the leader as if it is isolated. Due to the
limit in the model we used, the coupling constant cannot be
too large; otherwise the local dynamics will be brought to a
stable equilibrium and no pattern formation can occur any
more. (4) Such a transition scenario is not limited to rigidly
rotating spiral waves, and we can find them in other types of
spiral dynamics. For example, we plot the results in Fig. 8
where a subsystem which displays spatiotemporal chaos or a
meandering spiral wave is enslaved by a rigidly rotating spi-
ral wave.

(d) ’ used in Fig. 4. The top panel is for
subsystem 1 and the bottom for
subsystem 2. c= (a) 0.008; (b)
0.012; (c) 0.014; (d) 0.02. It is
clear that subsystem 1 takes over
the dynamics of the subsystem 2
with increase of the coupling
5 strength.

0.50.0

To get a general impression of the spiral dynamics in Eq.
(1), we present the phase diagram on the plane of ¢ and ¢, in
Fig. 9. To produce the phase diagram, we keep subsystem 1
unchanged, with parameters set as b;=-0.045 and ¢
=0.036. Two types of media for subsystem 2 are considered:
an excitable one with 5,=0.05 and an oscillatory one with
b,=-0.045. From Fig. 9, we observe the definite appearance
of three dynamical behaviors (spiral drift, phase synchroni-
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FIG. 6. Establishment of the relationship between the leader and
the follower in the resonant case. Subsystem 1 is the one with b,
=-0.045 and €;=0.022 and subsystem 2 has b,=0.05 and e,
=0.02. The coupling strength ¢=0.01. The top two rows show the
snapshots for subsystem 1 and subsystem 2, respectively. (a) Snap-
shots for the isolated subsystems. (b), (c) Snapshots at successive
times for coupled subsystems. Clearly, subsystem 1 is a leader and
subsystem 2 is a follower. (d) Power spectra for isolated sub-
systems. (e) Power spectra for coupled systems. (f) Tip trajectories
for two subsystems when coupled. From the tip trajectories, we
know that the spiral wave in subsystem 2 is flowing out of the
domain while that in subsystem 1 stays forever.
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FIG. 7. Establishment of the relationship between the leader and
the follower in the resonant case. The parameters are the same as in
Fig. 6 but with different initial conditions. In this figure, subsystem
2 becomes dominant and subsystem 1 becomes a follower.

zation between the leader and the follower, and intermediate
states). The critical curves separating the three dynamical
regimes decrease with increasing e, at first and then tend to
be a little insensitive to the change of .

Now, it is necessary to give a discussion of the model we
studied. The question of interacting spiral waves in coupled
reaction-diffusion systems has been considered in the litera-
ture [27]. For example, in Ref. [27], the authors discussed
spiral dynamics in a two-layer lattice system. They found
spiral synchronization for strong coupling strength and a
transition process to synchronization as the coupling strength
increases. However, different from our work, the coupled
system considered in Ref. [27] consists of two identical lay-
ers and the synchronization they observed is different from
ours. Furthermore, the preparation of the initial condition for
coupled system is different from ours, which may explain
why the drifting dynamics for weak coupling is ignored in
Ref. [27].

Up to now, we have discussed the spiral dynamics in
coupled reaction-diffusion systems. One question arises:
How are these results related to three-dimensional systems?
First of all, the system with two coupled layers can be taken
as an approximation of a 3D system. Then consider the fact
that in one 2D layer, the quantity Ddt/dx* appearing in the
numerical simulation plays the role of coupling strength be-
tween adjacent nodes. We know that the thickness of the
approximated 3D system is related to the coupling strength ¢
by L=\Ddt/c. That is, two coupled layers with weak cou-
pling constant refer to a thick 3D system. Therefore, we can
get a naive correspondence between the spiral dynamics in a
coupled two-layer system and that in the 3D case. Since in

 5x10°

- ——

]

RS B | { N
0.0 02 04 00 02 04 00 02 04 00 02 04
1x10°
"
S sx10° ’
0 L | o gl \QL LA.,J, -
00 02 04 0.0 02 04 00 02 04 00 02 04
sub syst. 2

sub syst. 1 sub syst. 2 sub syst. 1

FIG. 8. Establishment of the relationship between the leader and
the follower. Subsystem 1 is the one with 5;=-0.045 and €
=0.012. In the left two columns, subsystem 2 with b;=0.05 and
€,=0.075 displays defect-mediated turbulence when isolated, while
in the right two columns, subsystem 2 with 5;=0.05 and €
=0.065 displays a meandering spiral wave. The top row shows the
snapshot for uncoupled systems and the following two rows show
the successive snapshots for the coupled systems, respectively. The
bottom two rows show the power specta for each subsystem when
the systems are uncoupled and coupled, respectively.

the approximated 3D system the interaction between the fast
rotating spiral wave and the slow one is realized by the dif-
fusion of species u over a distance L, large L means that the
influence of the fast spiral wave on the slow one is greatly
weakened. As a result, the slow rotating spiral wave can keep
its original functional form under the effect of the fast one.
When L is small, the interaction between the fast and slow
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FIG. 9. (Color online) Phase diagram on the plane of ¢ and €,
for the spiral dynamics in the coupled systems. Subsystem 1 is fixed
with b;=-0.045 and €,=0.036. Two types of subsystem 2 are con-
sidered: an excitable one with b,=0.05 (the open symbols) and an
oscillatory one with b,=—-0.045 (the solid symbols). The regimes
for three types of spiral dynamics (spiral drift, synchronization, and
intermediate state) are shown. The bold (thin) line denotes the
boundary of which subsystem is dominant for the oscillatory (ex-
citable) case. For example, subsystem 2 (subsystem 1) dominates
on the left (right) side of the bold or thin line.
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rotating spiral waves is not weakened too much by the dif-
fusion, and the continuous impact of the fast spiral wave on
the slow one is equivalent to the establishment of a fast pace
maker everywhere in the layer with slow spiral wave. As a
result, we can expect the fast spiral wave to be dominant.

CONCLUSION

In this paper we have studied the spiral dynamics when
two reaction-diffusion systems are coupled linearly. We find
that the collective dynamics in coupled systems is strongly
dependent on the coupling strength and the frequency mis-
match. For weak coupling strength, the spiral waves in both
subsystems stay unchanged like those in isolated systems in
the aspects of frequency and wavelength. The interaction be-
tween the two subsystems is reflected by how spiral waves
drift: when the frequency mismatch is large, the fast rotating

PHYSICAL REVIEW E 76, 016206 (2007)

spiral keeps its tip trajectory close to the one when it is
isolated, while the slow rotating spiral wave settles its tip
down onto a large looped orbit; when the frequency mis-
match is small, the tips of both spiral waves jump to the
same large looped orbit. For large enough coupling strength,
one subsystem will always dominate the other. When the
frequency mismatch is large, the fast rotating spiral wave is
the leader and will enslave the dynamics of its follower. If
the frequency mismatch is small, which subsystem acts as
leader depends on the initial condition of the coupled sys-
tems.
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